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Mechanisms and Responses of a Single Dielectric Barrier Plasma
Actuator: Geometric Effects
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The single dielectric barrier discharge plasma, a plasma sustainable at atmospheric pressure, has shown con-
siderable promise as a flow control device operating at modest (tens of watts) power levels. Measurements are
presented of the development of the plasma during the course of the discharge cycle, and the relevance of these
measurements to the modeling of the actuator’s electrical properties is discussed. Experimental evidence is pre-
sented strongly pointing to the electric field enhancement near the leading edge of the actuator as a dominant
factor determining the effectiveness of momentum coupling into the surrounding air. It is shown that the thrust
produced by the actuator depends directly on the thickness of the exposed electrode even when the bulk discharge
properties of the plasma remain unchanged. The case for field enhancement is bolstered by the application of an
analytical model in closed form that, although an abstraction of the real actuator geometry, indicates that electric
forces on charge imbalance in the plasma are concentrated predominantly near the edge of the exposed electrode.
Both of these results are consistent with computational fluid dynamics calculations of the actuator in operation.

Introduction

T HE dielectric barrier discharge is a type of plasma discharge
with the unique property that it is self limiting and, there-

fore, sustainable at atmospheric pressures. Because of its useful-
ness in industrial applications, this type of discharge has been well
studied.1−14 The aerodynamic plasma actuator is a particular con-
figuration of the dielectric barrier discharge, specifically, a surface
discharge.2,8

Configuration of the Plasma Actuator
The configuration of the plasma actuator is simple, consisting

of one electrode exposed to the surrounding air and one electrode
completely encapsulated by a dielectric material arranged in the
highly asymmetric geometry shown in Fig. 1, to which a high (10–
20-kV peak-to-peak) ac voltage (1–10 kHz) is applied. Typically,
the plasma actuator’s electrodes are long and thin and are arranged
spanwise on an aerodynamic surface. For this work, we typically
used a 0.08-mm-thick, 1.27-cm-wide insulated copper foil electrode
covered with 0.3 mm of Kapton® polyimide insulation. We varied
the dimensions of the exposed electrode, using wires up to 0.98 mm
in diameter and copper foils 0.64 mm wide and between 0.08 and
0.64 mm thick. When the high ac voltage is applied, a plasma dis-
charge appears on the insulator surface above the insulated electrode
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(as shown in Fig. 2), and directed momentum is coupled into the sur-
rounding air.15,16 The amount of momentum coupling is sufficient to
have a substantial effect on the airflow over the surface in such appli-
cations as drag reduction and reattachment of separated flows.17−25

As Fig. 2 shows, there are large-scale spatial structures in the
discharge, visible to the unaided eye, that appear to be tied to ir-
regularities in the electrodes. These undoubtedly have an effect on
the efficiency of the actuator, and we plan to address these in future
work. In previous work,15,16,26 however, we have shown that there is
also considerable temporal and spatial structure in the plasma indis-
tinguishable to the unaided eye and that this structure is consistent
with the operation of the dielectric barrier discharge. The plasma
is formed as the result of a series of discharges as electrons are
transferred onto and off of the dielectric surface. (This mechanism
is shown schematically in Fig. 3.) The buildup of charge on the
dielectric surface is fundamentally the reason that the discharge is
self-limiting and does not collapse into a constricted arc. (Based on
their energies, one would expect the electrons to penetrate at most a
few monolayers into the dielectric material. Because of the low con-
ductivity of the dielectric, the electrons will remain at the location
where they are deposited.) For modeling purposes, the dielectric sur-
face that is covered with the immobile charges effectively acts as an
electrode in addition to the two physical electrodes in the problem.

In operation, the plasma in the discharge sweeps along the sur-
face of the dielectric on each half-cycle of the applied ac voltage.
Figures 4 and 5 show the results of optical observations made on
the discharge in which the field of view of a photomultiplier tube
was limited at any time to a distance of 0.25 mm in the chordwise
direction. We take the light emissions from the plasma actuator as
a surrogate for plasma density, specifically, for the electron density
ne, which, for a quasi-neutral plasma, is also approximately equal to
ni , the ion density. Using light emission to infer plasma density as-
sumes that the recombination time of the plasma is short compared
to the timescale of the discharge, but this assumption is confirmed
by the observations and is consistent with plasma lifetimes reported
in the literature.27 By scanning the photomultiplier tube (PMT) over
the surface and taking data synchronized with the ac voltage, we are
able to make a temporal map of the extent of the plasma in the chord-
wise direction, shown in complementary presentations in Figs. 4 and
5. The map shows that the discharge ignites near the edge of the ex-
posed electrode and that the extent of the plasma in the chordwise
direction increases in time until the discharge quenches, when the
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Fig. 1 Aerodynamic plasma actuator in a chordwise cross section.

Fig. 2 Plasma actuator appears as a diffuse plasma formed on the
surface of the dielectric above the insulated electrode.

a)

b)

Fig. 3 Plasma actuator is a configuration of the dielectric barrier dis-
charge, in which the discharge is self-limiting because electrons emit-
ted from the exposed electrode collect on the dielectric surface, to be
returned on the subsequent half-cycle of the discharge.

ac voltage reaches an extremum. Near the edge of the exposed elec-
trode, the plasma density generally increases in time, although the
relatively flat plateaus in the light emission for distances greater than
2 mm from the exposed electrode’s edge indicate that density of the
plasma sweeping over the surface is relatively uniform. As Fig. 5
shows, the rate at which the plasma sweeps over the dielectric sur-
face (indicated by the slopes b and c of the wavefronts in Fig. 5) is the
same for both the negative-going and positive-going half-cycles of
the discharge. Consistent with the operation of the dielectric barrier

Fig. 4 Surface plot of light emission (proportional to plasma density)
from the aerodynamic plasma actuator as a function of space and time,
revealing substantial spatial and temporal structure.

discharge, it is necessary to maintain a changing voltage waveform
with time to sustain the discharge; as shown at point a in Fig. 5, if
the magnitude of dV/dt drops off even momentarily, the discharge
starts to quench.

The rate at which the leading edge of the plasma expands over
the dielectric surface, indicated by the slopes b and c in Fig. 5,
depends on the amplitude and frequency of the applied voltage; for
instance, at a given frequency, the plasma expands faster the greater
the voltage amplitude applied to the circuit.15,16

Effects of Electrode Geometry on Actuator Effectiveness
Figure 5 shows the case of a plasma whose chordwise extent

is limited by its rate of expansion and the frequency of the ap-
plied waveform. Not unexpectedly, we find that the expansion of
the plasma is also limited by the extent of the lower, insulated elec-
trode, that is, that the plasma will not expand more than a few
millimeters past the downstream edge of the insulated electrode no
matter how hard the circuit is driven because the strong electric field
is limited to the region between the electrodes and does not extend
downstream beyond the encapsulated electrode’s edge. We find that
this limitation on the plasma expansion also limits the effectiveness
of the actuator.

Figure 6 shows the results of particle image velocimetry (PIV)
measurements of the velocity induced in the air by the plasma actua-
tor. Figure 6 shows a comparison of two different voltage amplitudes
using different sizes of insulated electrodes. (Here, the electrodes
are made of 0.025-mm-thick copper foil with 0.15-mm-thick Kapton
polyimide used as the dielectric. The width of the exposed electrode
is held constant at 12.7 mm.) As Fig. 6 shows, with 16 kV peak-to-
peak applied in a triangular waveform, the velocity induced by the
actuator increases with the increasing length of the insulated elec-
trode. This is because for 16 kV applied, the length of this electrode
limits the expansion of the plasma and, thus, the performance of
the actuator. On the other hand, for a 12-kV peak-to-peak driving
waveform, the air velocity attainable reaches an asymptotic maxi-
mum for an electrode length of approximately 12 mm. Increasing
the width further has no effect on the actuator performance at this
voltage level. In other words, the plasma cannot “use” more than
12 mm of chordwise length no matter the size of the lower electrode.
This has practical implications for packing multiple actuators on an
aerodynamic surface: It is useless, and a waste of space, to provide
more insulated electrode width than can be covered by the plasma
at the maximum anticipated applied voltage.

Because there are two physical electrodes that make up the plasma
actuator, it is tempting to model the device as a capacitor driven by
the ac voltage. In fact, however, because charge builds up on the
dielectric surface and does not reach the insulated electrode, there
are multiple capacitances in play in the circuit. Effectively, the top
surface of the dielectric forms another electrode, and the simplest
circuit model of the actuator (Fig. 7) must include this effective
electrode in addition to the two physical electrodes.15,16 Because, as
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Fig. 5 Same data as Fig. 4 as contour map, simultaneous with the voltage waveform applied to the device: two distinct pulses of plasma per cycle of
the applied voltage.

Fig. 6 Maximum velocity induced by the plasma actuator, for two
different driving voltages, as a function of width of lower (insulated)
electrode.

Fig. 7 Lumped-element circuit model of the plasma actuator takes into
account the charging of the dielectric surface as an effective electrode.

indicated in Figs. 4 and 5, the area of the effective electrode changes
in time, the capacitances that include this electrode must be treated
as variable capacitances.

The capacitance C3 in Fig. 7 represents the capacitance between
the physical electrodes (exposed and insulated) in the system. This
capacitance provides a path through which displacement current can
flow in the circuit and, as such, does not have a direct effect on the
discharge itself, although in practice any such reactive element in

the circuit affects the complex impedance presented by the circuit
to its driver and so has an effect on the shape of the applied voltage
waveform.

The capacitance C2, between the effective and insulated elec-
trodes, is determined in part by the thickness of the dielectric used.
As with C3, it does not affect the voltage across the discharge di-
rectly; rather, it sets the voltage divider ratio on the right-hand leg
of the circuit, which also includes the discharge itself. This has an
important practical consequence: It is possible to make the actuator
much less prone to electrical breakdown through the dielectric by
making the dielectric thicker, without altering the electric field in
the plasma (and reducing the performance of the actuator) if at the
same time the input voltage waveform is adjusted to compensate for
the change in the voltage divider ratio. The capacitance C2varies in
time, is small when the discharge ignites on each half-cycle of the
applied voltage waveform, and increases as the plasma sweeps over
the dielectric surface.

This is also true of the capacitance C1, between the effective and
exposed electrodes. In the circuit, C1 is the key element because the
potentials on its electrodes (both real and effective) set the boundary
conditions for the plasma discharge and, hence, directly impact the
performance of the actuator.

Because they vary as the discharge develops over the dielectric
surface, the values of C1 and C2 are not under the direct control of
the experimenter. Because of this, we decided to investigate other
aspects of the effects of electrode geometry by changing the dimen-
sions of the one electrode in the discharge path that we could control
directly, the exposed electrode. As Figs. 4 and 5 show, the plasma
extends downstream of the exposed electrode almost exclusively,
so that the lateral extent of the exposed electrode is apparently im-
material to the discharge. Again, this is an aspect of the discharge
with an immediate, practical consequence. As we show in Fig. 8,
the effect of multiple actuators is additive if they are placed in rea-
sonably close proximity: Two actuators placed one behind the other
yield twice the velocity increase in the air as a single actuator, for
a given applied voltage. (The degree to which this trend continues
before reaching a limit is a subject for further investigations.) If the
width of the exposed electrode can be made arbitrarily narrow, then
the density with which multiple actuators can be placed chordwise
along an aerodynamic surface can be maximized.

In contrast to the essentially negligible effect of the exposed elec-
trode’s width on the actuator performance, the thickness of this
electrode has a profound effect on the actuator’s efficiency. We
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Fig. 8 Velocity increase of multiple actuators is additive: for given
voltage, two actuators placed one behind the other give twice the velocity
increase of single actuator alone; asymmetric steady actuator (triangle
waveform, 5 kH).

a)

b)

Fig. 9 Two sets of actuators: a) various thicknesses of metal foil tape as
the exposed electrode and b) steel music wire as the exposed electrode.

developed two different, complementary sets of actuator electrodes
to investigate the behavior of the actuator as we varied the electrode
thickness. As shown in Fig. 9a, for one set of actuators, we use thin
copper foil tape, 0.64 mm wide, to construct the upper, exposed
electrodes. We layer the tape to vary the electrode thickness from
0.08 to 0.64 mm. For another set, we use steel music wire with a
diameter ranging from 0.36 to 0.98 mm as the exposed electrode,
as shown in Fig. 9b. The stiff steel wire was mechanically rigid and
uniformly straight even in the smallest radius available to us. Al-
though there is a difference in the effectively square cross section
of the edge of the tape and the circular cross section of the wire, we
felt that the Debye shielding in the plasma would largely wash out
this difference, and our assumption turned out to be justified. We
take half the thickness of the foil electrodes to be equivalent to the
radius of the wire electrodes. For each of the cases shown here, the
lower, insulated electrodes are identical: 1.27 mm wide, 0.08 mm
thick, encapsulated by 0.3 mm of Kapton polyimide.

As we vary the thickness of the exposed electrode, we find that for
a given ac voltage waveform, the gross structure of the plasma does
not depend on the thickness or diameter of the exposed electrode.
Figure 10 shows one measure of the bulk properties of the discharge,
namely, power dissipation in the discharge as a function of voltage.
We computed power by sampling the voltage and current waveforms
for the entire circuit and numerically integrating the product of these
waveforms over one period of the discharge, thus integrating out the
reactive power and accounting exclusively for the power dissipated
in the plasma. (We have shown that the functional relationship,
approximately P ∝ V 7/2, is typical for this surface dielectric barrier

Fig. 10 Bulk properties of the plasma discharge do not depend on
the geometry of the exposed wire electrode: solid and open symbols
distinguish two electrode geometries.

Fig. 11 Effectiveness of the plasma actuator strongly dependent on
geometry of exposed wire electrode.

discharge.15,16) The voltage and current waveforms, not depicted
here, show the same degree of similarity. Figure 10 specifically
shows cases for two different wire radii overlaid, but the results are
the same for all of the electrode configurations we tested: The bulk
properties of the discharge are essentially identical for substantially
different diameter exposed electrodes.

In dramatic contrast, however, the effectiveness of the actuator in
coupling momentum into the air, as measured by the thrust produced
by the actuator, depends strongly on the geometry of the exposed
electrode. Figure 11 shows the thrust (measured directly with a mass
balance) as a function of input power for two different radius wire
electrodes, r = 0.19 and 0.50 mm. Both share a similar form: After
the input power exceeds a threshold value of approximately 1 W,
the thrust increases linearly with power, but the efficiency of the
actuator in converting power to thrust is substantially greater with
the thinner wire electrode. The trend is consistent not only with the
radius of the wire electrodes, but with the dimensions of the foil tape
electrodes as well. Figure 12 shows the thrust (in grams per watt)
plotted against electrode dimension. The trend is clear: Although
the bulk properties of the discharge remains unchanged, the thinner
the exposed electrode, the greater the momentum transfer to the air
is. For these tests, we did not measure the velocity profiles of the
air directly; however, based on related measurements such as those
shown in Figs. 6 and 8, we estimate a flow velocity on the order of
1–3 m/s in a millimeter-sized region above the actuator. This equates
roughly to 1 mW or less of power in the airflow itself, or an overall
efficiency on the order of 10−4 from a power standpoint. Fortunately,
even this modest power input into the flow is dramatically effective
in changing aerodynamic flow.17−25

We also note here that the functional relationship between dis-
sipated power and input voltage amplitude is mirrored in the
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Fig. 12 Momentum transfer to air depends strongly on characteristic
dimension of exposed electrode, even though this dimension does not
affect bulk properties of the discharge.

a) Single asymmetric steady actuator (square wave, 5 kH)

b) Single asymmetric steady actuator (triangle waveform,
5 kH)

Fig. 13 Maximum velocity induced in air by actuator approximately
proportional to V7/2; same proportionality as electrical power dissipated
in actuator.

relationship between the maximum attainable velocity and the in-
put voltage. Again, we use PIV techniques to measure the velocity
induced in the air by the actuator and plot the maximum value we
record in our PIV field of view vs the applied voltage amplitude.
As Fig. 13 shows, irrespective of voltage waveform shape, the ve-
locity imparted to the flow by the actuator goes approximately as
umax ∝ V 7/2, indicating a direct proportionality between the electri-
cal power dissipated in the actuator and the velocity induced in the

air. The efficiency of this coupling, however, appears to be controlled
by interactions at the edge of the exposed electrode.

Electric Forces on the Plasma Actuator
The dimension of the exposed electrode does not affect the bulk

discharge but substantially affects the performance of the actuator.
This points to the well-established phenomenon of electric field en-
hancement near small electrode features28 as a fundamental driver
of actuator effectiveness. The case would be considerably strength-
ened if there were a sound theoretical basis for this concept. We can,
indeed, establish this case by the use of an analytical model that,
although an abstraction of the real actuator, nevertheless models the
salient features of the device.

In evaluating the actuator’s performance, we directly measure the
thrust it produces with a mass balance: If we measure an apparent
mass increase, it is because the actuator is pushing up on the other
end of the arm. For us to be able to make this measurement, there
must be a mechanical coupling between the moving air and the actu-
ator. Because this coupling only occurs when the plasma is present,
we can infer that the plasma is the intermediary. The way that the
plasma can couple force into the actuator is via the electric field
interactions with the charged particles in the plasma. Essentially,
the charges in the plasma “push” on both the background gas and
the image charges in the electrodes, which completes the chain of
forces leading to a measurement of thrust.

Inasmuch as it has been created by the ionization of neutral air,
the plasma will remain roughly electrically net neutral. If there is
to be an interaction between the electric field and the plasma, this
implies some type of local charge imbalance in the plasma due to the
rearrangement of these equal positive and negative charges. Such an
interaction, if it exists, can be analyzed by considering the collective
behavior of the plasma.

Debye Shielding in Plasmas
To understand the operation of the plasma actuator, it is useful

to understand how the plasma modifies the electric field that is oth-
erwise present when the air between the electrodes is not ionized.
(Without ionization, the relative dielectric constant of the air is effec-
tively the same as that of a vacuum, εr = 1.) Although this treatment
is accessible in any number of basic plasma physics texts,29,30 it is
useful to recap here because of what it implies about the behavior
of the plasma. Because charges in a plasma are free to move, they
arrange themselves to cancel as much of the field as possible within
the plasma volume. Thermal motion of the particles causes this can-
cellation to be incomplete near the boundaries of the plasma. When
a timescale long enough for the charges to redistribute themselves
is assumed, we can relate the electron density ne and the ion density
ni in the plasma to the local electric potential φ by the Boltzmann
relation:

ni,e = n0 exp[∓(eφ/kTi,e)] ≈ n0[1 ∓ (eφ/kTi,e)] (1)

where n0 is the background plasma density, k is Boltzmann’s con-
stant, and T is the temperature of the particular species. In Eq. (1),
the upper (minus) sign applies to the ions, whereas the lower (plus)
sign applies to the electrons. The net charge density ρ at any point
in the plasma is

ρ = e(ni − ne) ≈ −en0[(eφ/kTi ) + (eφ/kTe)] (2)

From Maxwell’s equations, and from the fact that the electric field
E is related to the potential φ by E = −∇φ, we have

−∇2φ = ρ/ε0 (3)

where ε0 is the permittivity of free space. Using Eq. (3) in Eq. (2),
we have

∇2φ = (
e2n0

/
ε0

)
(1/kTi + 1/kTe)φ = (

1
/

λ2
D

)
φ (4)

where we have now defined the Debye length λD by

1
/

λ2
D = (

e2n0

/
ε0

)
(1/kTi + 1/kTe) (5)
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a)

b)

Fig. 14 Electric potential for the plasma actuator electrode geometry
calculated numerically a) without and b) with plasma case.

The Debye length is the characteristic length for electrostatic
shielding in a plasma: For lengths greater than the order of λD , the
plasma shields external potentials. Over dimensions on the order of
λD in the vicinity of an exposed potential, the charge density in the
plasma is imbalanced in favor of one of the species. Specifically,
Eqs. (3) and (4) tell us that

ρ = −(
ε0

/
λ2

D

)
φ (6)

or, in other words, that the net charge density at any point in the
plasma is proportional to the potential at that point.

Electric Potential with Asymmetric Electrodes
Equation (4) can be solved numerically for any arbitrary geome-

try by applying finite element techniques. In Fig. 14, we show the
solution to Eq. (4) for a model plasma actuator geometry, obtained
using the finite element solver FEMLAB.31,§§ In this geometry, the
potentials are fixed at the surface of the exposed electrode (the lower
left-hand corner of the simulation space) and at the surface of the di-
electric barrier (the lower boundary of the simulation space), which
effectively forms another electrode. In Fig. 14a we calculate a set
of evenly spaced equipotentials in the absence of plasma by set-
ting the Debye length to a very large value. In Fig. 14b, we include
plasma (albeit of a uniform density throughout the simulation vol-
ume) by setting the Debye length small compared to the electrode
dimensions, as shown. As predicted, Debye shielding effect limits
the penetration of the potentials on the electrodes to a small region
near the electrode surface.

Although it is very useful to be able to solve for Debye shield-
ing in an arbitrary geometry, we could effectively parameterize our
description of electric forces on the plasma if we could solve the
problem in closed form. Unfortunately, Eq. (4) is generally not solv-
able in closed form except for a few special cases. For example, the
simplest case, that of a slab of plasma between infinite plane par-
allel electrodes (the so-called one-dimensional plasma capacitor)
is treated in many basic plasma textbooks.29 Two other solvable
cases are those of a plasma between nested, infinitely long concen-
tric cylindrical electrodes and between nested, concentric spherical
electrodes. Because of symmetry, both of these cases are solvable in
terms of one radial dimension, r . Of these two, the former (shown in
cross section in Fig. 15) is an acceptable abstraction of the plasma

§§Data available online at http://www.comsol.com [cited 4 April 2003].

Fig. 15 Cylindrical plasma capacitor is an
asymmetric electrode geometry amenable to
closed-form solution.

actuator for our purposes. Like the real plasma actuator, it consists
of electrodes that are substantially different in exposed area and that
are long in their linear dimension compared to their cross-sectional
dimensions. We know that there is a spatial structure to the elec-
tric field even in the absence of the plasma, which the presence of
the plasma will enhance. Effectively, we have wrapped the plasma
actuator into a mathematically tractable form. As such, we expect
our abstract model to yield some insights about the behavior of the
plasma in the real actuator geometry. The other advantage of cylin-
drical geometry is that the solution in the absence of the plasma is
well known, and we can recover the infinite parallel plate geometry
in the limit of large electrode radii compared to electrode spac-
ing, so that we have several known points against which to test our
solution.

Equation (4) in cylindrical geometry is

1

r

∂

∂r

(
r
∂φ

∂r

)
= 1

λ2
D

φ (7)

This is a boundary-value problem, and we set the boundary condi-
tions such that the electric potential φ(r) is φ(a) = φa at the radius
of the inner electrode and φ(b) = φb at the radius of the outer elec-
trode. The solution is then a sum of the hyperbolic Bessel functions
I0 and K0, given by

φ(r) = C1 I0(r/λD) + C2 K0(r/λD) (8)

where the constants C1 and C2, chosen to satisfy the boundary con-
ditions are given by

C1 =
{

φa − φb

[
K0(a/λD)

K0(b/λD)

]}
K0

(
b

λD

)/

[
I0

(
a

λD

)
K0

(
b

λD

)
− I0

(
b

λD

)
K0

(
a

λD

)]
(9)

C2 = φb − C1 I0(b/λD)

K0(b/λD)
(10)

Another condition on the solution is that the plasma maintain charge
neutrality so that integrated over its volume V ,

∫
ρ dV = 0 (11)

(In other words, because the air was initially neutral before it was
ionized, ionization creates no net electric charge.) When Eq. (6) is
used in Eq. (11), the neutrality condition implies that

0 = −2π
ε0

λ2
D

∫ b

a

rφ(r) dr (12)

Applying this condition to the solution defined by Eqs. (8–10) yields,
as the final condition,

0 = C1bI1(b/λD) − C1aI1(a/λD)

− C2bK1(b/λD) + C2aK1(a/λD) (13)

Equations (8–10) and (13), then, define the solution to Debye shield-
ing in a cylindrical plasma capacitor. To gain confidence in the accu-
racy of this mathematical description, we can evaluate the solution
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in several limiting cases to test its validity. As an example, we take
the case in which we have the inner radius normalized and inter-
electrode gap much larger than the radius of the inner electrode,
a = 1, b − a = 10. We also normalize the potential difference be-
tween the electrodes, so that φa − φb = 1. With the plasma present,
we set the Debye length much shorter than the interelectrode gap,
λD = 1. The requirements of charge neutrality, given in Eq. (13),
lead us to set φa = 0.9 and φb = −0.1 for a normalized potential
drop φa − φb = 1 between the electrodes. The solution is shown by
the solid line in Fig. 16. The shielding properties of the plasma are
evident: The potential in the plasma is zero except near the inner
and outer boundaries.

To check the solution, we can “remove” the plasma by setting the
Debye length in Eqs. (8–10) and (13) to a very large value [con-
sistent with setting the plasma density n0 to zero in Eq. (5)]. This
result is shown as the dotted line in Fig. 16. It is numerically the
same result that one achieves applying the well-known solution for
the potential between two cylindrical electrodes in a vacuum or air:

φ(r) = (φa − φb)
ln(b/r)

ln(b/a)
+ φb (14)

so that the solution checks out in the limit of no plasma. We can
also recover the case of the plane parallel plasma capacitor from
this solution by setting the inner radius a large compared to the gap
length. Setting a = 500, and keeping b − a = 10, we have the result
shown in Fig. 17, for the case of plasma present (solid line) and for
the case of plasma absent (dotted line). The latter case is, of course,

Fig. 16 Potential as a function of radius for cylindrical plasma
capacitor: ——, with plasma present and · · · ·, plasma absent.

Fig. 17 In the limit of a large inner radius, cylindrical solution col-
lapses to that of a parallel-plate capacitor: ——, plasma present or
· · · ·, with uniformly decreasing potential in the gap.

a linearly decreasing potential consistent with a uniform electric
field in the gap. Because this situation is geometrically symmetric,
charge neutrality dictates that we set φa = 0.5 and φb = −0.5.

Electric Field with Asymmetric Electrodes
Because the electric field is just the gradient of the potential, and

in this geometry is only in the radial direction, we can solve for the
electric field in the gap by taking the derivative of Eq. (8):

E(r) = −∂φ

∂r
= − C1

λD
I1

(
r

λD

)
+ C2

λD
K1

(
r

λD

)
(15)

These results, for the same parameters as earlier, are shown in Fig. 18
(solid line). The electric field in the bulk of the plasma is effectively
shielded, whereas the electric field near the boundaries is elevated,
compared to the results with plasma absent (dotted line), again found
by setting the Debye length in our equations to a large value. As
before, the results in the absence of plasma agree numerically with
the solution in vacuum or air given by

E(r) = [(φa − φb)/ln(b/a)](1/r) (16)

In the limit of large inner radius, the value of the electric field
calculated using the cylindrical solution is symmetric, as shown
in Fig. 19. In particular, with the plasma absent, the electric field
is constant and its magnitude is equal to the potential difference

Fig. 18 Electric field, in the presence of the plasma, also shielded in
bulk of the plasma; cylindrical solution agrees with vacuum solution in
limit of large Debye length.

Fig. 19 Electric field given by Eq. (15) behaves as expected in limit of
large inner radius; in particular, with the plasma absent, E-field in gap
is uniform.
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divided by the gap length, consistent with the familiar result for a
parallel plate capacitor. This gives us additional confidence that the
solution is indeed correct.

Electric Forces on the Plasma
Because there is an electric field in the plasma in regions where

there is also a net charge density, there will be a force on the plasma.
The force density (force per unit volume or body force) can be cal-
culated directly and self-consistently by taking the electric field
multiplied by the charge density. Because the charge density is pro-
portional to the potential, however, we can write

f = ρ E = −(
ε0

/
λ2

D

)
φE (17)

where we choose to use a lower-case f as a reminder that this is a
volumetric quantity. In the cylindrical geometry, this force density
will be in the radial direction. Because we have expressions for φ and
E , we can write a similar expression for the radial component of f :

fr (r) = (
ε0C2

1

/
λ3

D

)
I0(r/λD)I1(r/λD)

− (
ε0C1C2

/
λ3

D

)
I0(r/λD)K1(r/λD)

+ (
ε0C1C2

/
λ3

D

)
K0(r/λD)I1(r/λD)

− (
ε0C2

2

/
λ3

D

)
K0(r/λD)K1(r/λD) (18)

Figure 20 shows the calculation of the force density as a function
of radius. The force density is concentrated near the inner conduc-
tor and is negative in sign there, that is, it is directed inward toward
the electrode. One important aspect of this model is that the force
is inwardly directed even if we change the polarity of the poten-
tial drop across the electrodes. This is because as the sign of the
potential changes at any point in space, so does the sign of the net
charge density there [by Eq. (6)], so that the direction of the force
is unchanged. This result of the model is consistent with our previ-
ous experimental measurements, which demonstrate that the force
on the actuator is determined by the asymmetry in the electrode
geometry independent of the polarity of the applied voltage.

Finally, Fig. 20 also shows that in the limit of a large Debye length
(in other words, in the absence of plasma) there is no body force. This
stands to reason because, if the force depends on a charge separation
in the plasma, without any charges to separate there can be no force.
It has been suggested by Roth et al.23 that because the quantity
ε0 E2/2 has units of energy density the gradient of this quantity may
be taken for the force density or body force. As we show in the
Appendix to this paper, this expression is only an approximation.

Fig. 20 In presence of plasma, there is a body force near the smaller
electrode, directed toward that electrode; in the absence of plasma, there
is no body force; approximating body force as the gradient of ε0E2/2 is
an especially poor approximation in the absence of plasma.

Because, in the case of the cylindrical plasma capacitor, we have
an explicit, exact expression for E, we can calculate the quantity
ε0 E2/2 and test the validity of this approximation directly. Because
the case we are considering is radially symmetric, we need only
consider the radial derivative in calculating the gradient:

∂

∂ r
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2
E2 = ε0C2
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(19)

The dotted lines in Fig. 20 are the results of the approximation
expressed Eq. (19). The solid lines in Fig. 20 are the results of the
exact calculation from Eq. (18). There is general agreement between
the two for the case in which plasma is present, although the grad-
E2 approximation overpredicts the force density. The approximation
is incorrect with the plasma absent, however, for a simple reason:
Even without plasma present, there is still a spatial structure to the
E field and, therefore, a gradient in E2. Without plasma present,
however, there is no charge separation and, therefore, nothing for
the electric field to act upon, so that a nonzero value for the force
density is an artifact. Because, to determine the effect of the plasma,
it is necessary to calculate explicitly the spatial distribution of the
potential, a correct approach to the problem already gives one the
means to calculate readily the exact solution, rendering the grad-E2

approximation superfluous.

Behavior Predicted from the Model
In its ability to predict the behavior of the aerodynamic plasma

actuator, this abstract model of the system is successful in two in-
stances and unsuccessful in a third. As presented in Fig. 20 and
discussed in the preceding paragraphs, the model correctly predicts
that force from the actuator decreases with decreasing plasma den-
sity (increasing Debye length) and that in the limit of no plasma no
force exists. In practice, we measure the net force exerted by the
plasma actuator, not the force density, and so we take as a figure
of merit from the calculations the integral of Eq. (18) over the vol-
ume of the model. [Because the only variations in this model are
in the radial direction, the sign of the result of Eq. (18) captures
the vector nature of the force.] Figure 21 shows this resulting net

Fig. 21 Predictions of the concentric-cylinder model indicate that the
greater the plasma density (equivalent to the shorter the Debye length)
the greater the net thrust from the actuator.
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force as a function of the Debye length. Although in the laboratory
it is difficult to separate density effects from effects related to the
simple magnitude of the applied field, these predictions are at least
not inconsistent with the measured results. (In general, in the labo-
ratory, the more voltage we apply to the actuator, the more plasma
we get.) In particular, it is typical to have to apply several kilovolts
across the actuator before the plasma ignites at all, and even with
this substantial voltage, there is no measurable force with no plasma
present.

Another conclusion from this model, namely, that the body force
is concentrated near the edge of the exposed electrode and is directed
toward the electrode at that point, is in agreement with airflows in
the vicinity of the actuator measured in the laboratory and calcu-
lated numerically. We have inserted body force calculations based
on realistic electrode geometries into computational fluid dynamics
(CFD) codes to predict the actuator’s behavior, and the results of
these calculations (Fig. 22) closely match the airflows measured by
proportional integral derivative techniques. Theory and measure-
ment agree that the region downstream of the exposed electrode
edge is the critical region for the actuator.

The predictions of the abstract model are at odds, however, with
the unambiguous observation presented in this paper (Fig. 12) that
thrust increases with decreasing radius of the exposed electrode. As
Fig. 23 shows, the abstract model predicts that net thrust decreases,

Fig. 22 CFD calculations including an electrostatic body force highly
concentrated near the exposed electrode edge and inwardly directed
there in substantial agreement with flows measured in laboratory.

Fig. 23 Prediction of model is that thrust decreases with decreasing di-
ameter of the smaller conductor, inconsistent with experimental results
in Fig. 10.

almost linearly, as the radius of the inner conductor is reduced. It is
straightforward to see why this is so in the model because our figure
of merit is the force density integrated over the volume of the model.
The magnitude of the calculated body force does indeed increase as
the inner radius is reduced, but the volume over which this body force
exists drops off more rapidly than the body force increases, so that
the overall effect is that the net force is reduced. This relationship is
not limited to the cylindrical geometry: We see the same behavior
in the finite element solutions with the more realistic geometries.
As Fig. 14 shows, the region of the largest electric field is limited to
within approximately a Debye length of the exposed electrode, and
as the dimension of this electrode decreases, so does the volume of
this interaction region.

The shortcoming of the abstract model is that it assumes a uni-
form plasma density throughout the region at all times, although we
know from our own measurements (Figs. 4 and 5) that this approx-
imation is not correct at any time during the developing discharge.
Also, the model treats the plasma as a stationary charged particle
density, which ignores that it is created and sustained from an elec-
trical discharge through it. This implies a more complicated sheath
structure near the electrodes than is described by Eq. (6). Unfor-
tunately, it is unlikely that a model of this fidelity can be solved
in a closed form. We are currently building a numerical model to
perform the required two-dimensional, time-dependent calculation
of the E field and particle densities in the discharge region, which
includes the electric fields within the sheath regions of the discharge
near the electrodes. The results presented here imply that this tool
will be necessary to predict the behavior of the plasma actuator with
reasonable accuracy.

Conclusions
Charge separation within the dielectric barrier discharge plasma

that forms the aerodynamic plasma actuator is a possible means
through which the electric field can exert a net force on the plasma
and, through subsequent interactions, to the surrounding gas. A
straightforward model of the actuator predicts that the largest force
density associated with this mechanism will be in a small region
adjacent to the exposed electrode, and this supposition is consistent
with the observed flows of neutral gas induced by the actuator. The
importance of the region near the exposed electrode to the opera-
tion of the device is confirmed by measurements that demonstrate
that the dimensions of the exposed electrode strongly determine the
performance of the actuator, even though the bulk properties of the
discharge remain unaffected. Although instructive, the static model
presented here is at best a sketch of the plasma behavior. Because
the actuator plasma exhibits considerable structure in space and
time, a detailed two-dimensional, time-dependent calculation of the
field structure with the plasma present will be necessary to predict
accurately the body force imparted by the plasma on the neutral
fluid. For example, such an approach is likely to reveal considerable
structure in the expanding edge of the plasma, and we show here
that the expansion of the plasma, which is governed in part by the
geometry of the lower, insulated electrode, has as considerable an
impact on the performance of the actuator as the geometry at the
exposed electrode edge.

Appendix: Discussion of the grad-E2 Approximation
The assertion by Roth et al.23 that the body force f can be calcu-

lated from the gradient in the electric field via the equation

f = (ε0/2)∇E2 (A1)

rests on the assertion that

∇E2 = 2E(∇ · E) (A2)

Using this substitution in Eq. (A1) and using that the electric field
is just the negative of the gradient in the potential, we have

f = (ε0/2)2E(∇ · E) = −ε0E(∇ · ∇φ) = −ε0E ∇2φ (A3)



604 ENLOE ET AL.

but because, by Eq. (4), the potential is related to the charge density
by the relation −∇2φ = ρ/ε0, Eq. (A3) is just

f = −ε0E ∇2φ = −ε0E(−ρ/ε0] = ρ E (A4)

in agreement with Eq. (17). The validity of Eq. (A1), then, rests on
the validity of Eq. (A2). In general, however, Eq. (A2) is only an
approximation. It is straightforward to show in three dimensions (so
that E = Ex î + Ey ĵ + Ezk̂) that

∇E2 = ∂ E2
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whereas

2E(∇ · E) = 2(Ex î + Ey ĵ + Ezk̂)
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î

+ 2Ey

(
∂ Ex

∂x
+ ∂ Ey

∂y
+ ∂ Ez

∂z

)
ĵ
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In general, we see that the right-hand sides of Eqs. (A5) and (A6)
are not equal to each other. There is one case in which these two
give the same result, namely, the strictly one-dimensional case in
which E = Ex î and Ey = Ez = 0, and ∂/∂y = ∂/∂z = 0 as well. In
this limited case, Eq. (A2) holds. As we have already shown in this
paper, however, this is the well-known case of the one-dimensional
plasma capacitor. As Figs. 14 and 16 show, due to the symmetry of
the problem, there can be no net force generated on the plasma in
the one-dimensional case regardless of how much plasma is in the
gap. The one case, therefore, in which the grad-E2 approximation
strictly applies is the one case that does not apply to the aerodynamic
plasma actuator.
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